Introduction
Let Σ be a compact oriented surface, possibly with boundary, the Mapping Class group of Σ is Mod(Σ) = Homeo + (Σ)/Homeo 0 (Σ),
where, Homeo + (Σ) is the group of orientation preserving homeomorphisms of Σ and Homeo 0 (Σ) are those homeomorphisms isotopic to the identity. When Σ is a closed surface of genus g ≥ 1 then we denote Mod(Σ) by Γ g . In this case it is well-known that Γ g is isomorphic to a subgroup of index 2 in Out(π 1 (Σ)).
When g = 1, the subgroup structure of Γ 1 is well-understood since it is simply the group SL(2, Z). When g ≥ 2, attempts to understand the subgroup structure of Γ g have been made by exploiting the many analogies between Γ g and non-uniform lattices in Lie groups. In particular, both the finite and infinite index subgroup structure of Γ g has many parallels in the theory of lattices. For example, the question of whether Property T holds for Γ g ≥ 3 (it fails for g = 2 by [29] ), whether Γ g has a version of the Congruence Subgroup Property, or towards the other extreme, whether there are finite index subgroups of Γ g that surject onto Z (see for example [11] , [16] , [18] and [29] for more on these directions). The discussion and questions raised in this paper are motivated by analogies between the subgroup structure of Γ g and non-cocompact but finite co-volume Kleinian groups. To that end, we are particularly interested in the nature of surface subgroups of Γ g . For an exploration of other analogies between Γ g and Kleinian groups see [13] , [19] and [33] .
Throughout, the terms surface (sub)group will be reserved for π 1 (Σ g ) where g ≥ 2, and a subgroup of Γ g is said to be purely pseudo-Anosov if all non-trivial elements are pseudo-Anosov. Simply put our motivation is the following question. Question 1.1 For g ≥ 2, does Γ g contain a purely pseudo-Anosov surface subgroup?
The paper is organized as follows. In §2, we discuss the existence of surface subgroups in Kleinian groups of finite co-volume. In §3, we discuss surface subgroups of Γ g , and contrast and compare with §2. In §4 we discuss some related topics; for example we discuss the connection of Question 1.1 with some conjectures in 4-manifold topology.
Surface subgroups of Kleinian groups
We begin by discussing the case of surface subgroups in Kleinian groups; see [26] , [37] , or [32] for terminolgy.
2.1
A Kleinian group Γ is a discrete subgroup of PSL(2, C), and as such, Γ acts discontinuously on H 3 and the quotient H 3 /Γ is a hyperbolic 3-orbifold. When Γ is torsion-free, H 3 /Γ is a hyperbolic 3-manifold. Of interest to us is the case when H 3 /Γ is closed or finite volume. Let Σ be a closed orientable surface of genus at least 2, M = H 3 /Γ an orientable finite volume hyperbolic 3-manifold and f : Σ → M a map. We shall call f (Σ) (or by abuse simply Σ) an essential surface if f * : π 1 (Σ) → Γ is injective. This is non-standard terminology, but will be convenient for our purposes. If M contains an essential surface then Γ contains a surface subgroup. The converse is also true, and given this, an important question in 3-manifold topology is:
3 /Γ be a finite volume hyperbolic 3-manifold, does Γ contain a surface subgroup.
This was answered in [8] for non-compact but finite volume manifolds, and so the remaining cases of Question 2.1 are the closed manifolds, and this seems far from resolution at present. We will discuss [8] in more detail below.
2.2
Given an essential surface Σ in a finite volume hyperbolic 3-manifold M , one can attempt to understand the surface in terms of how the hyperbolic metric on M restricts to the surface Σ. In a non-compact finite volume hyperbolic 3-manifold there are two possibilities for the geometry of a closed essential surface Σ. Σ is either quasi-Fuchsian or it is said to contain accidental parabolics. In the latter case, as suggested by the name, these surface groups contain parabolic elements, whilst in the former case, all non-trivial elements are hyperbolic. Both these surfaces are geometrically finite. The methods of [8] only provide surfaces containing accidental parabolics, and a comment on the construction in [8] will be informative for our discussion of Γ g (see also [7] ).
Suppose that M = H 3 /Γ is a non-compact finite volume hyperbolic 3-manifold. We can assume that M is orientable on passing to a double cover if necessary, and so M is the interior of a compact 3-manifold with boundary consisting of a disjoint union of tori. Using residual finiteness of Γ there is a finite cover,M of M , which has at least 3 boundary components. Standard 3-manifold topology shows that the first betti number ofM is at least 3, and that one can find an embedded orientable essential surface F with non-empty boundary inM missing at least one of the boundary components ofM . This surface can then be used to build a finite cyclic cover ofM containing a closed embedded essential surface Σ of genus at least 2. Indeed, the construction is explicit, the surface Σ is constructed by taking two copies of F "tubed together" along their boundary. Σ pushes down to M to provide an essential surface in M and so the desired surface subgroup. By construction, these "tubed surfaces" contain accidental parabolic elements corresponding to the peripheral elements from ∂F .
The question of existence of closed quasi-Fuchsian surfaces in M as above remains open. However recent work of Masters and Zhang [27] appears to make some progress on this.
2.3
The surface subgroups built in [8] can also be viewed as being built by repeated applications of the Maskit combination theorems, a version of which is given below (see [23] and [26] Chapter VII for more details).
Suppose
If Γ acts on a set X, then we say that a pair of subsets Θ 1 , Θ 2 ⊂ X is a proper interactive pair for G 1 , G 2 if
4. for every φ 1 ∈ G 1 \G 0 we have φ 1 (Θ 2 ) ⊂ Θ 1 and for every φ 2 ∈ G 2 \G 0 we have φ 2 (Θ 1 ) ⊂ Θ 2 , and
With this notation, we can state the following combination theorem.
The construction of essential surfaces in non-compact finite volume hyperbolic 3-manifolds discussed in §2.2 can also be described using Theorem 2.2 (and an HNN version of it) applied to the two copies of the surface F . In the particular case when the surface F has only one boundary component, the closed surface DF constructed by the above has the property that all non-trivial elements are hyperbolic except those conjugate into the cyclic subgroup generated by the parabolic element α = [∂F ] in π 1 (DF ).
2.4
The dichotomy of closed quasi-Fuchsian versus those that contain an accidental parabolic also manifests itself in the structure of surface subgroups of Γ. Using the compactness of pleated surfaces, Thurston shows in [37] that for a fixed genus g there are only finitely many Γ-conjugacy classes of quasi-Fuchsian surface subgroups of Γ of genus g. On the otherhand, given an essential surface Σ of genus g in M with an accidental parabolic it is easy to construct infinitely many conjugacy classes of surface subgroups of genus g (see [37] Chapter 8).
Surface subgroups in Γ g
Throughout this section we assume that Σ is a closed oriented surface of genus g ≥ 2. We will denote the Teichmüller space of Σ by T (Σ), the space of compactly supported measured laminations by ML 0 (Σ), and PML 0 (Σ) the space of projective measured laminations on Σ.
3.1
Given any element φ ∈ Γ g , one of the following holds; φ has finite order, φ is reducible, or φ is pseudo-Anosov. An infinite order element φ ∈ Γ g \ {1} is pseudo-Anosov if there exists a pair of measured laminations λ s , λ u which bind Σ and such that {[λ s ], [λ u ]} is invariant by φ. An element φ ∈ Γ g \ {1} is reducible if there exists a multi-curve (ie a finite union of essential simple closed curves on Σ which are pairwise disjoint and parallel) invariant by φ.
If q is holomorphic quadratic differential on Σ, then for any constant, nonzero 1-form adx + bdy on C (a, b ∈ R), the measured foliation |adx + bdy| is invariant under the transition functions for the atlas of q-coordinates, and so pulls back to a measured foliation on the complement of the cone points. This defines a singular measured foliation on Σ and the space of all such measured foliations is denoted ML 0 (q).
3.2
Although an answer to Question 1.1 remains unknown at present, there appears to be an interesting analogue to the discussion in §2. It had been known for some time that Γ g contained surface subgroups (see [2] and [15] for example), however a more uniform treatment of constructions of surface subgroups is given in [23] . In some sense this can be viewed as an analogue of the results in [8] . To describe this more fully, we require some terminology.
Veech subgroups of Γ g arise from stabilizers of Teichmüller discs in the Teichmüller space and have been objects of some interest of late (see [22] , [31] and [40] for more on related topics). Briefly, these arise as follows.
Any holomorphic quadratic differential q on Σ defines a holomorphic totally geodesic embedding of the hyperbolic plane
The stabilizer Stab Γg (H q ) acts on H q and this action can be conjugated back to H 2 , via f q , thus defining a homomorphism D to PSL(2, R). Subgroups of Stab Γg (H q ) are called Veech groups. If PSL(q) denotes the image of Stab Γg (H q ) under D, then in the special case when H 2 /PSL(q) has finite area, this quotient is called a Teichmüller curve and this immerses into the moduli space. This is our analogue of an immersed essential non-compact surface in a finite volume hyperbolic 3-manifold.
An example we will make use of is the following due to Veech [40] . Let ∆ g be the non-convex polygon obtained as the union of two regular 2g + 1-gons in the Euclidean plane which meet along an edge and have disjoint interiors. Let R g denote the closed surface of genus g obtained by gluing opposite sides of ∆ g by translations. The Euclidean metric on the interior of ∆ g is the restriction of a Euclidean cone metric on R g , and we can find local coordinates defining a quadratic differential on R g compatible with this metric. We denote this quadratic differential ξ g , and F (ξ g ) the associated Veech group. Veech showed that F (ξ g ) is isomorphic to a triangle group of type (2, 2g + 1, ∞), where the single primitive parabolic conjugacy class in the triangle group corresponds to the conjugacy class of a reducible element δ. It is easy to see that the above triangle group contains as a subgroup of index 2(2g + 1) which is the fundamental group of a 1-punctured surface of genus g. Hence this determins a subgroup G(ξ g ) of F (ξ g ) isomorphic to the fundamental group of a 1-punctured surface of genus g.
A particular case of the main construction of [23] , using the Combination Theorem (Theorem 2.2) is the following, and which produces examples that are "closest to purely pseudo-Anosov" obtained thus far (cf. the discussion after Theorem 2.2).
Theorem 3.1 For every g ≥ 2, there exist subgroups of Γ g isomorphic to the fundamental group of a closed surface of genus 2g. These are obtained as the amalgamated free product of two copies of G(ξ g ) along the infinite cyclic subgroup < δ >. In addition, all but one conjugacy class of non-trivial elements (up to powers) is pseudo-Anosov.
As in the 3-manifold setting, it can also be shown that there are infinitely many distinct conjugacy classes of surface subgroups of genus 2g (see [23] ). Motivated by Thurstons result discussed in §2.4 we pose: Question 3.2 Are there are only finitely many Γ g -conjugacy classes of purely pseudo-Anosov surface subgroups of any fixed genus?
Of course given that Question 1.1 is open, the answer to Question 3.2 could be zero.
3.3
As mentioned in §2.2, quasi-Fuchsian surface subgroups and those with accidental parabolics are geometrically finite. Furthermore, the combination theorem in the Kleinian group setting shows that combining two geometrically finite groups (with some assumption on the amalgamating subgroup) gives a geometrically finite group.
The notion of geometrical finiteness is somewhat more delicate in the setting of subgroups of Γ g . In [13] the notion of convex cocompactness of subgroups of Γ g is given, and an attempt to extend this to geometrically finite is proposed in [33] . In particular, the question of geometrical finiteness of the groups in Theorem 3.1 as well as others constructed in [23] is posed. We refer the reader to [13] and [33] for more on the notions of convex cocompact and geometrically finite subgroups in the context of Γ g , as well as for questions concerning the geometrical finiteness of various subgroups.
3.4
Taking the analogy with hyperbolic spaces further, we recall that Thurston's compactification of Teichmüller space is obtained by adding PML 0 (Σ) at infinity to obtain
where B 6g−6 is the closed ball of dimension 6g − 6 and PML 0 (Σ) is identified with the boundary. Moreover, PML 0 (Σ) has a natural piecewise projective structure and the action of Γ g on T (Σ) and PML 0 (Σ) fit together to give a well defined action on T (Σ) which is holomorphic on the interior and piecewise projective on the boundary.
There is a natural identification of PML 0 (q) with the boundary at infinity ∂ ∞ H 2 . In this way, the inclusion of PML 0 (q) into PML 0 (Σ) can be thought of as an extension ∂ ∞ f q of f q to infinity. Indeed, the natural projective structure on RP 1 = ∂ ∞ H 2 = PML 0 (q) makes ∂ ∞ f q into a piecewise projective embedding, equivariant with respect to the Stab Γg (H q ) action.
Moreover, ∂ ∞ f q sends the limit set Λ(PSL(q)) ⊂ ∂ ∞ H 2 = PML 0 (q) homeomorphically and Stab Γg (H q )-equivariantly to the limit set Λ(Stab Γg (H q )) ⊂ PML 0 (Σ) as defined by McCarthy and Papadopoulos [30] .
The map
is continuous for every p ∈ H 2 and almost every p ∈ PML 0 (q) by a theorem of Masur [28] . However, Masur's theorem implies that this is in general not continuous at every point of PML 0 (q).
This now leads us to the following natural question, the analog of which is true in the setting of Kleinian groups. Question 3.3 Let G ∼ = π 1 (S 2g ) → Γ g be the injection given by Theorem 3.1. Consider ∂ ∞ (G) which can be canonically identified with the circle at infinity of the universal cover S 2g ∼ = H 2 of S 2g . Does there exist a continuous G-equivariant map
3.5
In the context of 3-manifold topology, given an essential surface Σ in a finite volume hyperbolic 3-manifold M , a natural question is whether there is a finite cover of M to which Σ lifts to an embedded surface. A group theoretic property that is closely related to this question is LERF, which now define.
If Γ is a group, and H a subgroup of Γ, then Γ is called H-separable if for every g ∈ G\H, there is a subgroup K of finite index in Γ such that H ⊂ K but g / ∈ K. Γ is called LERF or subgroup separable if Γ is H-separable for all finitely generated subgroups H. This has been widely studied in the setting of low-dimensional topology (see [1] and [35] for example). Indeed, it is often the case that one does not need the full power of LERF for applications to hyperbolic manifolds, separating geometrically finite subgroups often suffices; this led to the property of GFERF, that is separable on all geometrically finite subgroups.
Now it is known that the groups Γ g are not LERF whenever g ≥ 2 since they contain F 2 × F 2 , however in analogy with the case for hyperbolic manifolds we pose (for g = 1 it is known that Γ 1 is LERF since it is virtually free):
Question 3.5 Let H be a convex cocompact subgroup of Γ g . Is Γ g H-separable?
Just focusing on surface subgroups, we can ask: Question 3.6 Let H be a surface subgroup of Γ g . Is Γ g H-separable?
For recent progress on various classes of subgroups of Γ g that are separable, we refer the reader to [24] .
Related topics
Although it is widely believed that if M = H 3 /Γ is non-compact and finite volume, then Γ contains a closed quasi-Fuchsian surface subgroup, it is unclear how Question 1.1 will be resolved at present. We next discuss some related questions, that may help shed light on it.
4.1
One motivation for Question 1.1 is the following question from 4-manifold topology.
Question 4.1 Does there exist a closed hyperbolic 4-manifold X that is the total space of a smooth fiber bundle Σ g → X → Σ h ?
We will call such an X a surface bundle over a surface. The following is well-known. Proof: Let X be a closed hyperbolic 4-manifold that is a surface bundle over a surface. Then the long homotopy exact sequence defines π 1 (X) as a short exact sequence:
and therefore defines a homomorphism φ : π 1 (Σ h ) → Γ g . Indeed, since X is hyperbolic, it follows that φ is injective. Furthermore the image of φ must be purely pseudo-Anosov. For if not, since π 1 (X) is torsion-free, there is a reducible element ψ in the image. Let M ψ denote the 3-manifold fibered over the circle with fiber Σ g and monodromy ψ. From the injection of π 1 (Σ h ) into Γ g it follows that π 1 (M ψ ) injects into π 1 (X). Now reducibility implies that π 1 (M ψ ) contains a copy of Z ⊕ Z, but X is a closed hyperbolic 4-manifold and contains no such subgroup.
At present there seems little about the geometry and topology of hyperbolic 4-manifolds that can be brought to bear on this question. However, two trivial remarks are:
1. With X as above then the signature of X is 0.
In fact this holds more generally for any closed hyperbolic 4-manifold; since any hyperbolic 4-manifold is conformally flat, so the Hirzebruch signature theorem implies that the signature is zero.
The hyperbolic volume of X is
Vol(X) = 4π
This follows from the observations that for any finite volume hyperbolic 4-manifold M , Vol(M ) = 
Note that the volume formula shows quickly that the genus of both the base and fiber in this setting is at least 2. Also, using Wang's finiteness result [41] on the finiteness of the number of isometry classes of hyperbolic manifolds of a fixed volume, it follows from this second remark that for fixed g, h ≥ 2, there are only finitely many manifolds X as above with fiber of genus g and base of genus h. Given that the smallest known Euler characteristic of a closed orientable hyperbolic 4-manifold is 16 [6] , a natural warm-up question might be. 
4.2
Some evidence for a negative answer to Question 4.1 is given in [21] where the following conjecture is stated (this is a special case of a more general conjecture on vanishing of Seiberg-Witten invariants). We refer to [36] and [14] for definitions. The relevance of this is given in the following proposition. We give a proof for hyperbolic manifolds that makes use only of Taubes celebrated paper [36] when b Proof: This follows automatically from [36] in the case when b + 2 > 1, since [36] shows that a compact oriented symplectic 4-manifold with b + 2 > 1 has non-vanishing Seiberg-Witten invariants. Thus assume that b + 2 (M ) = 1, and M is symplectic (if b 2 (M ) = 0 there is nothing to prove). From the discussion above, since M is hyperbolic, the signature of M is 0, and so b 2 (M ) = 2. Also M being hyperbolic implies π 1 (M ) is residually finite and so M has many finite covers. Let p : M 1 → M be a cover of degree d > 1. Since M is symplectic, M 1 will be symplectic using the pullback of the symplectic form on M . We claim that b + 2 (M 1 ) > 1, and so we can apply [36] to get a contradiction. On the otherhand, any X that has the description of a surface bundle over a surface where both the base and fiber have genus ≥ 2 is symplectic by an old argument of Thurston (see [38] or [14] Theorem 10.2.17).
Motivated by this discussion, one can ask the following generalization of Question 4.1, which is an analogue of the virtual fibering question in dimension 3.
Question 4.6 Is every finite volume hyperbolic 4-manifold virtually symplectic; ie has a finite cover that admits a symplectic structure.
We note that it is easy to construct non-symplectic hyperbolic 4-manifolds. For example it is easy to see that the Davis manifold D (see [9] ) admits no symplectic structure using the following simple parity rule (see [14] 
4.3
A natural weakening of Question 4.1 is the following. Question 4.7 For g, h ≥ 2, does there exist a short exact sequence:
for which Γ is a word hyperbolic group?
Arguing as in the proof of Theorem 4.2, it follows that such an extension defines a purely pseudo-Anosov surface subgroup of Γ g . However, even in this case, little is known. We make two comments in this regard.
1.
One result is that Γ cannot be the fundamental group of a closed complex hyperbolic surface. As described in [20] , this follows from [25] , on showing that if Γ is as decribed, then there is a non-singular holomorphic fibration X = H 2 C /Γ → Σ h that induces the short exact sequence (see also [17] ).
2.
The following idea to construct purely pseudo-Anosov surface subgroups was described to me by Ian Agol. In [39] , Thurston proves the following result (see [39] for terminology and further details).
Theorem 4.8 Let n ≥ 3 and k 1 , k 2 . . . k n ∈ (0, 2π) whose sum is 4π. Then the set of Euclidean cone metrics on S 2 with cone points of curvature k i and of total area 1 forms a complex hyperbolic manifold whose metric completion is a complex hyperbolic cone manifold of finite volume.
In addition, Thurston also gives conditions when such a cone manifold is an orbifold, and shows that certain of these completions give rise to a cocompact arithmetic lattices arising from Hermitian forms. These arithmetic lattices also arise in work of Mostow, and go back to Picard (see [10] ). We will consider the example in [37] when n = 5 and denote the lattice that Thurston constructs by ∆ 5 . Since these arithmetic groups arise from Hermitian forms, it is well-known that they contain many cocompact Fuchsian subgroups; these can be R-Fuchsian, in the sense that they are subgroups of a group SO(2, 1) or C-Fuchsian in the sense that they are subgroups of SU (1, 1) . Now if M 0,n denotes the moduli space of the n-times punctured sphere, then Thurston shows that H 2 C /∆ 5 is a compact orbifold corresponding to a compactification of M 0,5 . Agol has informed me that this compactification is the Mumford compactification. In terms of Thurston's description, the compactification locus is the locus at which pairs of cone points collide. Given such a Fuchsian subgroup F < ∆ 5 , Agol produces a purely pseudo-Anosov subgroup in some Γ g using a branched cover construction.
4.4
One generalization of looking for surface subgroups of Γ g is to look for injections of (cocompact) lattices in Lie groups into Γ g . If the lattices are superrigid the image of such a lattice in Γ g is necessarily finite (see [12] and [42] ), and so it follows (cf. Theorem 2 of [42] ), that the only lattices that can admit a faithful representation (or even an infinite representation) into Γ g are lattices in SO(m, 1), m ≥ 2 or SU(q, 1), q ≥ 1. Indeed, since solvable subgroups of Γ g are virtually abelian [4] , this observation also excludes non-cocompact lattices of SU(q, 1) for q ≥ 2 from injecting. In addition, there is a simple obstruction to injecting certain of these lattices, or indeed for any group. Namely if a finitely generated group G admits an injection into Γ g , then vcd(G) ≤ vcd(Γ g ) (see [5] ). If the vcd of a group G satisfies the above inequality, then we call G admissable. The vcd's of the groups Γ g are known to be 4g − 5 when g ≥ 2 [16] . Motivated by this discussion we pose. Question 4.10 Let Γ be a lattice in SO(m, 1), m ≥ 3 or SU(q, 1), q ≥ 2 which is admissable for Γ g . Does Γ inject in Γ g ? Can there be purely pseudo-Anosov representations?
If such an injection exists does there exist a continuous Γ-equivariant map
More generally, for a fixed Σ and hence fixed vcd, a further natural generalization of the discussion here is: Question 4.11 Which 1-ended admissable word hyperbolic groups G inject in Γ g (as purely pseudoAnosov subgroups)?
If such an injection exists does there exist a continuous G-equivariant map
Remarks: 1. As discussed in [33] , no example of a purely pseudo-Anosov non-free subgroup of Γ g is known at present.
2.
It is a conjecture of Gromov that every 1-ended word hyperbolic group contains a surface subgroup (see [3] ). Assuming this conjecture holds, then if there were any purely pseudo-Anosov injection of a 1-ended word hyperbolic group into Γ g , this would produce a purely pseudo-Anosov surface subgroup of Γ g .
3.
As discussed in the Introduction, there are many analogies between non-uniform lattices in Lie groups and Γ g . An analogy for purely pseduo-Anosov surface subgroup of Γ g would be a purely semisimple surface subgroup of a non-uniform lattice. In this regard, the groups SL(n, Z) for n ≥ 3 all contain such surface groups. This can be seen be realizing certain arithmetic Fuchsian groups as subgroups of finite index in groups SO(f ; Z) ⊂ SL(n, Z), where f is an indefinite ternary quadratic form with coefficients in Z.
